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Abstract
We construct the generating functional for the light-cone superfield amplitudes in a
chiral momentum superspace. It generates the n-point particle amplitudes which on shell
are equivalent to the covariant ones. Based on the action depending on unconstrained
light-cone chiral scalar superfield, this functional provides a regular d=4 QFT path integral
derivation of the Nair-type amplitude constructions.
By performing a Fourier transform into the light-cone chiral coordinate superspace we
find that the quantum corrections to the superfield amplitudes with n legs are non-local
in transverse directions for the diagrams with the number of loops smaller than at least
n+3. This suggests the reason why UV infinities, which are proportional to local vertices,
cannot appear at least before 7 loops in the light-cone supergraph computations. Using
the E7(7) symmetry we argue that the light-cone supergraphs predict all-loop finiteness
of d=4 N=8 supergravity.
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1 Introduction
N=8 supergravity (SG) [1] has 32 supersymmetries and can be described in an on shell 1 covari-
ant superspace with 32 coordinates [2]. From the covariant geometric torsions and curvatures
one can construct, starting from the 8-loop order, an infinite number of the super-invariants
which serve as candidate counterterms [3], [4]. There is also a restricted set of super-invariants
which can be constructed at the linearized level using a 16-dimensional sub-superspace of N=8
SG [4], [5], [6]. They start from the 3-loop level.
A new wave of studies of N=8 SG started more recently in [7] where on the basis of the
unitarity cut method [8] a suggestion was made in [9] that the theory may be UV finite at
all-loop orders. Also string theory considerations bases on pure spinors [10, 11] suggested the
onset of divergences starting from the 9-loop order or even all-loop finiteness.2
The interest to N=8 SG increased sharply when it was established in [13] by the unitarity
cut computations that the 3-loop N=8 supergravity is superfinite, see the recent review in [14].
One would like to understand this striking result as much as possible avoiding the direct com-
putations in a hope to predict the situation at the higher loop level where direct computations
become more and more difficult.
An interesting aspect of N=8 SG was noticed in [15]: if N=8 SG, as N=4 SYM (supersym-
metric Yang-Mills theory), lies on a Regge trajectory, it would be consistent with the conjecture
that N=8 supergravity is ultraviolet finite in perturbation theory. In [16] it was conjectured
that N=8 amplitudes may be completely determined by their leading singularities and this
would directly imply the perturbative finiteness of N=8 SG. Finally, in [17] it was suggested
that the counterterms in the unconstrained light-cone superspace may not be available, which
may explain the all-loop UV finiteness of the theory.
Since the covariant superspace is based on superfields satisfying equations of motion, there
is no way to construct the supergraph Feynman rules in the Lorentz covariant superspace. At
best one can construct the candidate counterterms. Meanwhile, N=8 SG in the light-cone
superspace with 16 Grassmann coordinates developed in [18],[19] has an unconstrained chiral
scalar superfield, which in a chiral basis depends only on 8 Grassmann coordinates. Since the
chiral light-cone superfield is off shell, there is a possibility to identify the supergraph Feynman
rules in the light-cone superspace as it was done in the past forN=4 SYM in [20]-[22]. ForN=8
SG it may be more difficult technically; moreover, only 3- and 4-coupling vertices are known so
far. Still one can hope to learn more about the UV structure of the theory by comparing it to
1In the background field method in QFT in supergravity the meaning of the “on shell” is that the background
field satisfies fully non-linear classical field equations. The background method, assuming that the quantization
is performed in the background covariant gauges, takes care of gauge symmetries.
2There was some concern expressed in [12] as to whether one can use string theory to evaluate the higher
loop UV properties of the four-dimensional N=8 SG. This concern originates from the non-decoupling of the
states of four-dimensional N=8 SG from the states of string theory.
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the information known from the covariant gauges and unitarity cut methods 3.
The unconstrained chiral light-cone superfield describes only physical degrees of freedom
and in this sense it is as close to the unitarity cut method [8] as possible. The disadvantage
is the absence of manifest Lorentz symmetry, the advantage is the presence of a manifest
kinematical supersymmetry, which is realized linearly. Both dynamical supersymmetry and
Lorentz symmetry are realized non-linearly. It is important to keep in mind that the CPT-
invariant light-cone superfields are specific for d=4 since they are based on helicity states for
graviton, gravitino, vectors etc. defined in d=4.
The purpose of this paper is to study the QFT N=8 SG with the light-cone superfields. It
has been noticed in [17] that the candidate counterterms of N=8 SG have not been constructed
in the light-cone formalism so far. In [6] an attempt to convert covariant linearized counterterms
into the light-cone ones was made.
In this paper we will continue the investigation of N=8 SG on the light cone [17]. The
formalism which we will develop here does not rely on the existence/non-existence of the coun-
terterms in the light-cone superspace. The main result will be a prediction for the outcome of
the actual computations using Feynman light-cone supergraphs. This result will follow from
the structure of the path integral of the theory and the N=8 equivalence theorem which will
be established here. The issues of N=8 equivalence theorem in the context of anomalies were
discussed extensively in [17]. Here we investigate practical consequences of the light-cone path
integral over the unconstrained chiral superfield and N=8 equivalence theorem, assuming that
the theory is anomaly-free.
We will propose here the general formula for the light-cone N=8 SG generating functional
for the amplitudes of any order of perturbation theory and any number of external particles,
which comply with translational invariance, linearized supersymmetry and equivalence theorem.
We will test this functional on the tree and higher loop level and suggest a possibility to
use it to investigate the UV properties of the theory. The main observation which will be
made in this paper is that the light-cone superfield amplitudes have a non-local structure in the
transverse directions. Such a non-local structure is incompatible with the UV divergences. This
will lead to a prediction of all-loop UV finiteness based on studies of the n-point supergraph
amplitudes.
The new mechanism which is the base of our argument for all-loop finiteness is the increase
of the delay of divergences with the increasing number of legs in the loop-amplitudes. It has to
do with a number of properties of the light-cone supergraphs which we establish in this paper.
a) the dimension of the superfield is zero, the dimension of the measure in the chiral super-
space is zero, therefore the dimension of the light-cone superfield amplitude is zero.
3The concept of “on shell” in the recent computations of the amplitudes means that it is an S-matrix type of
computations when each external particle in the process satisfies free equations of motion and only physical states
propagate. The difference between the background field method and the recent computation of the amplitudes is
subtle, but one should keep it in mind when using the covariant counterterms with respect to “on shell” n-point
amplitudes.
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b) the light-cone superfield is chiral and therefore the superfield amplitude has to increase
the helicity with each new leg without changing the dimension
c) assuming that the kinematical structure of the loop amplitudes is proportional to the tree
amplitudes for each n-point amplitude one finds: the critical loop order before which the n-point
amplitude is divergence-free is given by the formula: L
(n)
cr =
n(n−1)+2
2
. It depends strongly on n
due to an increasing level of non-locality in transverse directions with the increasing number of
legs. This in turn originates from the superfield amplitude properties presented in a) and b). If
the assumption of proportionality to tree graphs is relaxed (see [23] for details), one finds that
L
(n)
cr = n + 3. Since it still depends on n, the prediction remains valid.
d) at any loop order the divergences should occur at all n-point amplitudes with n→∞ to
preserve the non-linear E7(7) symmetry of N=8 SG [1, 19, 24, 25, 16, 26] at a given loop order.
The delay of divergences increases with the increasing number of legs in the light-cone
superfield amplitude which leads to all-loop finiteness prediction for N=8 SG.
2 N=8 supergravity in the Light-Cone Superspace
The classical action depends on one unconstrained scalar superfield. It can be taken to be either
chiral φ or antichiral φ¯. In the real basis, the action depends both on the chiral and anti-chiral
superfields [18],[19],
Srealcl [φ, φ¯(φ)] =
1
2κ2
∫
d4x d8θ d8θ¯
(
φ¯

∂4+
φ− ( 1
∂2+
φ¯ ∂¯φ ∂¯φ+ cc) +O(φ4)
)
. (2.1)
Here the light-cone notation are ∂¯ = ∂1 − i∂2, ∂ = ∂1 + i∂2, ∂± = ∂0 ± ∂3. Note that the anti-
chiral field is not an independent one, as they both describe a single CPT invariant multiplet.
The relation between them is given by φ¯ = 1
∂4+
d¯8φ. Here d¯ are properly defined spinorial
covariant derivatives. The action (2.1) has manifest kinematical supersymmetry associated
with eight θ and eight θ¯ coordinates of the real light-cone superspace. The other 16 dynamical
supersymmetries, Lorentz symmetry and E7(7) symmetry, are realized non-linearly. The total
action can be also presented in the form where only the chiral part of kinematical supersymmetry
is manifest. This can be achieved by integration over eight θ¯ coordinates using the relation
between chiral and antichiral superfields which allows to express the action in terms of chiral
superfields only:
Schiralcl [φ] =
1
2κ2
∫
d4x d8θ
(
φφ− ((∂2+φ)∂¯φ ∂¯φ+ ...) +O(φ4)
)
. (2.2)
The terms with ... also depend only on chiral superfields φ but they are more complicated
as the cc operation in (2.1) gives a dependence on the anti-chiral superfield. The integration
over θ¯ in this case leads to special kind of differential operators acting on two superfields, see
e.g. [20], [22] in the YM case. It is a particular combination of space-time ∂+ and spinorial
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derivatives. In momentum space it is given by a combination (p+k ηl − p+l ηk)8, where p+k ∼ ∂∂x+k
is a momentum of the k particle and ηk ∼ 1√
p+k
∂
∂θk
is the super-momentum of the k particle.
In the action (2.2) only the chiral part of the kinematical supersymmetry is manifest. Thus,
when the Feynman supergraph rules are derived on the basis of the action (2.2), the chiral part
of kinematical supersymmetry and SU(8) symmetry are manifest for vertices and propagators
of the theory. For physical observables, like on shell n-point amplitudes, one expects that the
remaining supersymmetries and the Lorentz symmetry are restored.
The supergraph Feynman rules in the momentum superspace have the following properties:
the vertices will produce some positive powers in momenta p⊥ = p
1 + ip2, p¯⊥ = p
1 − ip2 and
super-momenta η. However, p+ will come in positive as well as negative powers, which leads
to non-locality in direction of x−. The non-locality in the non-transverse direction x+ is also
possible [20] due to improved definition of the inverse 1
p+
⇒ 1
p++iǫ sign p−
, see Appendix C for
details. The superfield has the usual massless scalar field propagator proportional to −1 as well
as spinorial delta-functions. At present the complete set of the light-cone Feynman supergraph
rules was derived in [21] only for the N=4 YM case in the real basis based on the action
analogous to (2.1). For our purpose to support the general analysis by sample computations,
the set of Feynman rules has to be worked out. Even for N=4 SYM it will be different from
the known ones. The rules have to be in the chiral basis and in the Fourier superspace. This
requires using the external as well as internal lines of the supergraphs characterized by the
supermomenta pi, ηi which are a Fourier transform of the coordinate superspace x, θ.
The chiral superfield depends only on physical degrees of freedom:
φ(x, θa, θ¯a) = e
1
2
θ¯θ∂+
(
1
∂2+
h(x) + θa
1
∂
3/2
+
ψ¯a(x) + θ
ab 1
∂+
B¯ab(x) + θ
abc 1
∂
1/2
+
χ¯abc(x)
+θabcdφabcd(x) + θ˜abc∂
1/2
+ χ
abc + θ˜ab∂+B
ab(x) + θ˜a∂
3/2
+ ψ
a(x) + 4θ˜∂2+h¯(x)
)
. (2.3)
In the chiral basis it depends only on 8 chiral Grassmann variables θa, a = 1, ..., 8, all dependence
on θ¯ can be absorbed in the change of the basis
φ(x, θ) = e−
1
2
θ¯θ∂+ φ(x, θa, θ¯a) . (2.4)
Here θa1...an ≡ 1
n!
θa1 ...θa2 and θ˜a1...an ≡ ǫa1...anb1...bn−8 θb1...bn−8. Here h, h¯ are the two helicity
states of the graviton, ψ¯a, ψ
a are the two helicity states of the gravitino, B¯ab, B
ab are the two
helicity states of the graviphoton, χ¯abc, χ
abc the two helicity states of the graviphotino, and φabcd
is a scalar field. The propagating chiral superfield φ(x, θ) is totally unconstrained.
Since all gauge symmetries are fixed in the light-cone superspace, the path integral for a
chiral scalar superfield is simple.4 We integrate over the unconstrained massless chiral scalar
4In comparison, gauge symmetries in component x-space N=8 supergravity [1] include general covariance,
local Lorentz symmetry, local supersymmetry and local SU(8)-symmetry. This requires sophisticated quantiza-
tion procedure, which makes Feynman rules rather complicated. Indeed, even in N=1 supergravity, the x-space
Lorentz covariant Feynman rules are quite complicated, see e.g. [27].
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superfield:
Z[J ] = eiW [J ] =
∫
dφ ei(Scl[φ(x,θ)]+
R
d4xd8θJ(x,θ)φ(x,θ)). (2.5)
When
∫
Jφ is replaced by
∫
φin(x, θ)~φ we have a generating functional for the S-matrix on-
shell amplitudes:
(
eiW [φin]
)
N=8
=
∫
dφ ei(Scl[φ(x,θ)]+
R
d4xd8θφin(x,θ)φ(x,θ)). (2.6)
The functionalW [φin] describes all connected amplitudes when expanded in powers of φin. The
relevant S-matrix elements include all contributions to the n-point amplitudes, 1P irreducible
as well as 1P reducible ones.
It is convenient to use the Fourier transform5 for the light-cone superfield (2.4), (2.3) mul-
tiplied on ∂−2+
Φ(p, η) =
∫
d4xd8θ e−ipx−ηa(p
+)1/2θa∂−2+ φ(x, θ) . (2.7)
The light-cone superfield Φ(p, η) has now the following simple form:
Φ(p, η) = h¯(p) + ηaψ
a(p) + ηabB
ab(p) + ηabcχ
abc(p) +
+ηabcdφ
abcd(p) + η˜abcχ¯abc(p) + η˜
abB¯ab(p) + η˜
aψ¯a(p) + η˜h(p) . (2.8)
Here ηa1...an ≡ 1n! ηa1 ...ηa2 and η˜a1...an ≡ ǫa1...anb1...bn−8 ηb1...bn−8,. This superfield has helicity +2
and mass dimension -4. When p2 = 0, it is an on shell superfield in terms of which we will define
the generating amplitudes for the S-matrix. On the other hand, when p2 6= 0, it is an off-shell
unconstrained superfield, the integration variable in the path integral. This means that in the
momentum space the unconstrained superfield Φ(p, η) with p2 6= 0 depends on the momentum
pαβ˙ 6= λαλ¯β˙, and the momentum pµ cannot be represented by the pair of commuting spinors.
The free chiral superfield satisfies the equation φin(x, θ) = ∂µ∂
µφin = 0. In momentum
space (p+p− − p⊥ p¯⊥)Φin = 0. Here p± are p0 ± p3 and p⊥ and p¯⊥ are p1 ± ip2 components
of momenta. This free superfield in the momentum space φin(p, η) can be represented as a
function of commuting spinors, pαβ˙ = λαλ¯β˙ .
2.1 Relation to Nair’s Superfield and Supertwistors
It has been noticed by Nair [28] that the superfield in his construction is very similar to the
light-cone superfield of Mandelstam [20]. In the previous section we found an exact relation
between the light-cone superfield in N=8 SG and Nair’s type N=8 superfield, see eq. (2.7). In
the next subsection we will find the relevant generating functions for the amplitudes. In N=4
SYM one has to multiply the light-cone chiral superfield of [18], [20], [21] by ∂−1+ and perform
the Fourier transform in 4 chiral θ’s analogous to (2.8) to get eq. (7) in [28] . (For N=4 SYM,
5Related equations for N=4 SYM theory are given in Appendix A.
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the relevant equations are given in Appendix A.) We will further discuss the relation between
the Nair generating functional and the light-cone path integral in Sec. 3.
One can also relate our light-cone superfield Φ(p, η) in (2.8) to the supertwistor space su-
perfield in eq. (92) of [29] (and in eq. (212) of [30]) for the self-dual N=8 SG. It is given by
the following expression:
H(Z, ψ) = h(Z) + ψAλA + ...+ (ψ8)h˜(Z) . (2.9)
Up to a change in notation, it is clearly a structure analogous to our eq. (2.8). It is also impor-
tant that this superfield is holomorphic in anti-commuting variables ψ as ours is holomorphic
in η and depends on 8 of them. The Chern-Simons type supertwistor action for N=8 self-dual
supergravity has a simple compact form [31], whereas the light-cone superspace action (2.2) is
rather complicated. However, it produces all-loop Feynman supergraphs in Minkowski space
signature. Therefore the light-cone superfield path integral is relevant for computations of all
quantum corrections to classical N=8 SG amplitudes and will lead to UV predictions.
2.2 Light-Cone Generating Functional
We propose to use the following form of the generating functional in the chiral light-cone Fourier
superspace W [Φin] =
∑∞
n=1W
n[Φin]
W n =
n∏
i=1
(∫
d4piδ(p
2
i )d
8ηiΦin(pi, ηi)
)
δ4
(
k=n∑
k=1
pk
)
δ8
(
l=n∑
l=1
(p+l )
1/2ηl
)
Alcn (pi; ηi) (2.10)
The origin of the δ4 and δ8 functions in (2.10) is from the integration over the coordinate
superspace, x and θ,
δ4
(
k=n∑
k=1
pk
)
δ8
(
l=n∑
l=1
(p+l )
1/2ηl
)
∼
∫
d4xd8θ e
P
k(−ipkx−ηak(p
+
k )
1/2θa) . (2.11)
Here the contribution from each superfield is taken into account following the single superfield
Fourier transform formula (2.7). Since the superfield satisfies the equation p2iΦin(pi, ηi) = 0,
the integration over each momenta is restricted to d4p δ(p2). The chiral light-cone superspace
amplitude is given by the following expression:
Alcn (p1, ...pn; η1, ..., ηn) =
(
l=n∑
l=1
p⊥l
(p+l )
1/2
ηl
)8
P(p1, ...pn; η1, ..., ηn) (2.12)
Since the superfield is a scalar without any indices, the amplitude in eq. (2.10) is totally
symmetric under the permutation of any pair i ↔ j. It is a polynomial in 8n Grassmann
variables ηia of maximal degree 8n− 32.
P(p1, ...pn; η1, ..., ηn) = P0 + P8 + ... + P8n−32 . (2.13)
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Here P0 describes the MHV (maximum helicity violating) amplitude, P8 describes the NMHV
(next to MHV) amplitude, P16 describes the NNMHV(next to next to MHV), etc. Each new
term in this expression is manifestly SU(8) invariant and therefore comes with 8 extra η’s.
The functional W [Φin] has to have zero dimension and zero chirality/helicity. The measure
of integration times the superfield at each point
∫
d4pid
8ηiΦ(pi, ηi) has dimension 0 and helicity
-2 at each point. The term δ4(
∑k=n
k=1 pk) δ
8
(∑l=n
l=1 (p
+
l )
1/2ηl
)
has zero dimension and helicity
+4 as a reflection of the chiral superspace measure
∫
d4xd8θ. Finally, the amplitude An is
dimensionless, has helicity -4 and +2 at each point. It is a product of 2 terms, the first term(∑l=n
l=1
p⊥l
(p+l )
1/2 ηl
)8
has helicity -4 and dimension +4.
This leaves the second term, P(p1, ...pn; η1, ..., ηn), with the negative total mass dimension
-4 and helicity +2 at each point. This is a very strong restriction on the kinematics of possible
amplitudes. Increasing helicity can be accomplished either by multiplication on a square bracket
or by division on an angular bracket. The first one, multiplication on a square bracket, does not
produce non-localities, however, it increases the dimension. Therefore to avoid changing the
dimension one has to use both: multiplication on a square bracket and division on an angular
bracket. It is the division on the angular bracket which entails a proliferation of the transverse
momenta in the denominator. This in turn leads to proliferation of non-localities with the
increasing number of legs and will become one of the important ingredients for the UV analysis
of the light-cone superfield amplitudes.
The meaning of the momenta pi and super-momenta (p
+
i )
1/2ηi in the amplitude Alcn (pi; ηi),
where i = 1, ..., n, is the following. One considers the Fourier transform to coordinate space for
each particle, namely one replaces the superfield Φ(pi, ηi) by an integral over the coordinate
space superfield φ(xi, θi),
Φ(pi, ηi)⇒
∫
d4xid
8θi e
−ipixi−ηia(p
+
i )
1/2θai ∂−2+i φ(xi, θi) . (2.14)
In this expression one can realize pi as ∼ ∂∂xi and (p+i )1/2ηi as ∼ ∂∂θi . If the amplitude Alcn (pi; ηi)
depends on positive powers of pi and ηi (it may depend on negative powers of p
+
i ), the Fourier
transform to coordinate space leads to a local function of superfields except in the direction
x− (and x+, see Appendix B). We can use the 12-dimensional delta-function as shown in eq.
(2.11) and perform an integration over all momenta pi and super-momenta ηi. The answer will
be a single integral over x and θ depending on superfields φ(x, θ), where each superfield has
been differentiated over its coordinates x, θ in agreement with the polynomials in pi, ηi in the
amplitude Alcn (p1, ...pn; η1, ..., ηn). In a symbolic form, we get
Sn ∼
∫
d4xd8θ D1φ(x, θ)D2φ(x, θ)...Dnφ(x, θ) , (2.15)
where Di are some polynomials in transverse directions
∂
∂x
, ∂
∂x¯
and spinorial directions ∂
∂θ
. Some
non-locality in x± directions is possible, e.g. terms like ǫ(x±) are possible. For MHV amplitudes
the total power of θ-derivatives is 8 since it comes from the term
(
p⊥l
(p+l )
1/2 ηl
)8
, for NMHV is will
be 16, NNMHV will have 24, etc.
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If the amplitude Alcn (pi; ηi) depends on negative powers of p⊥i, p¯⊥i, the Fourier transform
will not lead to a local in x, θ-space expression of the kind presented in eq. (2.15). According
to Feynman supergraph rules, the UV divergent loop integrals can only be of the form (2.15).
Therefore the presence of negative powers of transverse momenta in the light-cone amplitudes
indicates that they are not UV divergent.
Our proposal for the light-cone generating functional in N=8 SG is inspired by the corre-
sponding constructions in N=4 YM theory [28, 32, 33] and its development for the covariant
amplitudes in N=8 SG in [25, 16, 26]. The major difference with all existing constructions is
that it is given by the standard QFT path integral (2.6) in terms of a classical action depending
on the unconstrained chiral light-cone scalar superfield. Computing quantum corrections means
integrating over the chiral light-cone scalar superfield.
2.3 Supersymmetry and Translational Symmetry
Under 32 linearized supersymmetries the light-cone superfield transforms as follows
δΦ(p, η) = (ǫαaqaα + ǫ¯
α˙
a q¯
a
α˙)Φ(p, η) = (ǫ
aηa + ǫ¯a
∂
∂ηa
)Φ(p, η) . (2.16)
Here
qaα = λαηa , q¯
a
α˙ = λ¯α˙
∂
∂ηa
, ǫa ≡ ǫαaλα , ǫ¯a ≡ ǫ¯α˙a λ¯α˙ . (2.17)
Here the commuting spinors λα, λ¯α˙ in the light-cone superspace depend on p
+, p, p¯, where
p2 = p+p− − pp¯ = 0. In particular,
λα =
1√
p+
(
p⊥
p+
)
, λ¯α˙ =
1√
p+
(
p¯⊥
p+
)
. (2.18)
In the light-cone formulation of [18], [19] the kinematical supersymmetry is qa2 and q¯
a
2˙
and the
dynamical is qa1 and q¯
a
1˙
. The functional (2.10), (2.12) is invariant under translation and all 32
linearized supersymmetries. We can present it in the form
W n[Φin] =
n∏
i=1
(∫
d4piδ(p
2
i )d
8ηiΦ(pi, ηi)
)
δ4 (Pαα˙) δ
16(Qaα)P(p1, ...pn; η1, ..., ηn) . (2.19)
It is manifestly invariant under translation and half of supersymmetry due to conservation of
the momenta and super-momenta:
Pαα˙ ≡
n∑
i=1
λiαλ¯iα˙ , Qaα ≡
n∑
i=1
λiαηia . (2.20)
Indeed, one can easily see that Pαα˙δ
4 (Pαα˙) = Qaαδ
16(Qaα) = 0. The second part of supersym-
metry,
Q¯aα˙ ≡
n∑
i=1
λ¯iα˙
∂
∂ηai
, (2.21)
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is manifest only for the MHV part, since the action of Q¯aα˙ on δ
16(Qaα) is proportional to Pαα˙
and therefore
Q¯aα˙δ
4 (Pαα˙) δ
16(Qaα)P(p1, ...pn; η1, ..., ηn) = 0 . (2.22)
The second part of supersymmetry Q¯aα˙ requires non-trivial restrictions on the non-MHV am-
plitudes which are polynomial in η in eq. (2.10):
Q¯aα˙
(
δ4 (Pαα˙) δ
16(Qaα)
n−4∑
m=1
P8m(p1, ...pn; η1, ..., ηn)
)
= 0 . (2.23)
When λ¯α˙
∂
∂ηa
acts on the η-dependent terms in P8 + ... + P8n−32, these polynomials in η have
to satisfy the condition (2.23). Here P8 is the NMHV amplitude, P16 is the NNMHV, etc.
3 N=8 Equivalence Theorem
The form of the light-cone superfield generating functional presented in eq. (2.10), (2.12) has
a remarkable property. On one hand it can be presented by Fourier transform in terms of the
on-shell light-cone superfield φ, [18], [19] given in eq. (2.3). It also has an explicit non-covariant
p+ and p⊥ momenta in the spinorial δ-functions, as shown in eq. (2.10). However, the Fourier
transform of the superfield Φ = (p+)−2φ in Fourier space depends only on physical states of
external particles as shown in (2.8). Moreover, all explicit Lorentz non-covariant factors in the
spinorial δ-functions in (2.10), (2.12) can be presented in a Lorentz covariant form since
δ8
(∑
l
(p+l )
1/2ηl
)(∑
k
p⊥l
(p+k )
1/2
ηk
)8
=
a=8∏
a=1
n∑
k>l≥1
〈kl〉ηkaηla = δ16(
∑
i
λαi ηai), α = 1, 2. (3.1)
Here the first Lorentz non-covariant 8-dimensional δ-function originates from the Fourier trans-
form from θ-space. The second Lorentz non-covariant 8-dimensional δ-function is a factor in the
amplitude (2.12) responsible for the restoration of the dynamical supersymmetry and Lorentz
symmetry. We may rewrite these two δ-functions as follows
δ8
(∑
l
λ1l ηl
)
δ8
(∑
k
λ2kηk
)
=
(∑
l
∑
k
λ1l λ
2
kηlaηka
)8
, (3.2)
where λ1i = (p
+
l )
1/2 and λ2i =
p⊥l
(p+l )
1/2 are commuting spinors λ, λ¯ as shown in eq. (2.18). Note
that when a particular ηla from the first δ
8 is multiplying ηka from the second δ
8, the product
ηlaηka with the same SU(8) index a becomes antisymmetric in l, k:
1
2
(ηlaηka − ηkaηla). This
picks up the angular brackets in front of such products, 〈lk〉, and the 16-dimensional δ becomes
Lorentz covariant. Thus we have used the fact that the product of two eight-dimensional delta
functions, one in (2.10) and another one in (2.12), can be brought to the form depending only
on angular brackets where the antisymmetric product in the light-cone gauges is
〈kl〉 ≡ p⊥kp
+
l − p⊥lp+k
(p+k p
+
l )
1/2
= λαiλ
α
j . (3.3)
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This means that the light-cone generating functional (2.10) can be brought to the Lorentz-
covariant form
W n[Φin] =
n∏
i=1
(∫
d4piδ(p
2
i )d
8ηiΦ(pi, ηi)
)
δ4
(
m=n∑
m=1
pm
)
a=8∏
a=1
n∑
k>l≥1
〈kl〉ηkaηlaP(p1, ...pn; η1, ..., ηn) .
(3.4)
We see that in the final form of the functional in eq. (3.4) all possible miracles took place: the
superfield which we are using, shown in eq. (2.8), has no explicit dependence on non-covariant
momenta despite the fact that it has a simple relation to the light-cone superfield in coordinate
space, which looks highly non-Lorentz covariant, see eq. (2.3). The product of kinematic
supersymmetry δ8-function depending on p+ in eq. (2.10) and dynamic supersymmetry δ8-
function depending on p⊥ shown in eq. (2.12) depends only on the angular spinorial brackets,
〈ij〉 defined in the light-cone gauges as shown in eq. (3.3). However, as soon as the answer
depends on the angular brackets 〈ij〉, there is no need to specify it for the light-cone expression
(3.3), it is a Lorentz covariant object.
The next important ingredient of our formula is the following: the light-cone amplitude
(2.12),
Alcn =
(∑
l
λ2l ηl
)8
P lc(p1, ...pn; η1, ..., ηn) , (3.5)
consists of the Lorentz non-covariant factor (
∑
l λ
2
l ηl)
8 and the factor P lc(p1, ...pn; η1, ..., ηn).
This function is a polynomial in η, totally symmetric in n particles. The first term presents the
MHV “all-plus helicity amplitude,” the last one - the anti-MHV “all-minus helicity amplitude”.
Since we have shown that the generating functional (3.4) has all other factors Lorentz
covariant, it means that the value of the factor in the light-cone amplitude P lc(pi; ηi) must
be exactly equal to the corresponding totally symmetric in n-particle expression Pcov(pi; ηi) in
covariant gauges. Thus, the condition for the gauge-independence of the on-shell amplitudes
between the light-cone and covariant gauges requires that
P lc(p1, ...pn; η1, ..., ηn) = Pcov(p1, ...pn; η1, ..., ηn) (3.6)
One may use the equivalence theorem as follows: whenever we have information on a co-
variant part of the “all-plus helicity amplitude” P(p1, ...pn; η1, ..., ηn), we can insert it into our
functional in eqs. (2.10), (2.12). This is a result which has to come out when the computations
are performed using the light-cone supergraph technique. It is interesting here that the newly
established amplitude in the light-cone formalism has +2 helicity at each point and is totally
symmetric in all n points due to the fact that the N=8 SG light-cone superfield is a scalar
without any indices. In the context of the covariant generating functional described in [25, 26],
this “all-plus helicity amplitude” was defined as P(++ ...++) in [26], following the N=4 YM
construction in [33].
The meaning of this function was not clear in the previous work: there is no gravity am-
plitude with all-plus helicity. Only when this function P(+ + ++) was multiplied by a factor
12
〈12〉8 it became a (- - + +... ++ ) gravity MHV amplitude, which has a physical meaning.
Here we have shown that this totally symmetric function P(++ ...++) has a very simple phys-
ical meaning: it is a factor in the amplitude (2.12), (3.5) in the light-cone superfields of N=8
supergravity. The total symmetry follows from the scalar property of the light-cone superfield
as well as from the symmetry of the other factor (
∑
l λ
2
l ηl)
8 in the amplitude under interchange
of any two particles.
Our equivalence theorem also explains the relation between the Nair’s covariant generating
functional for N=8 SG described in [25, 26] for the MHV amplitudes and the regular QFT
supergraph part integral in the light-cone superspace given in (2.6),(3.4). In both cases, one
can use the knowledge of the gravity amplitude, e.g. Mn(−−++ ...++), and relate it to the
“all-plus helicity amplitude” P(+ + ++):
Mn(−−++ ... ++) = 〈12〉8P(+ + ++) , (3.7)
and vice versa. All other n-point amplitudes in the Nair’s type procedure for N=8 in [25, 26]
for particles other than gravitons are obtained by a certain fermionic differentiation. In the
light-cone formalism one has to integrate over η in eqs. (2.10), (3.4) and use the expansion
of the superfield in component fields given in eq. (2.8): this is a regular superfield procedure
which follows from the manifest supersymmetry.
4 4-Point Light-Cone Amplitude
The 4-point light-cone superfield amplitude has only the MHV part,
Alc4 = (
4∑
l=1
λ2l ηl)
8P0(+ + ++) . (4.1)
Here P0 is the “ all-plus helicity amplitude” P0(+ + ++) as defined in [26]. For the tree
approximation
P0tree(+ + ++) = i
1
κ2stu
[ij]4
〈i′j′〉4 . (4.2)
Here i′ 6= i, i′ 6= j and j′ 6= i, j′ 6= j. It has mass dimension -4 and helicity +2 at each point, as
required. Note that [ij]
4
〈i′j′〉4
is equal to any combination out of 4 non-coinciding points since
[34]
〈12〉 =
[24]
〈13〉 =
[14]
〈32〉 =
[23]
〈14〉 =
[13]
〈42〉 =
[12]
〈43〉 (4.3)
due to momentum conservation. In the 1-loop approximation [7, 34, 26]
P01loop(+ + ++) = i
[ij]4
〈i′j′〉4
(
I(1)4 (s, t) + I(1)4 (s, u) + I(1)4 (t, u)
)
. (4.4)
Here I14 (s, t) is the so-called box diagram. It can be represented in the following form
P01loop(+ + ++) = i
[ij]4
〈i′j′〉4
(
f
tu
+
g
us
+
h
st
)
. (4.5)
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Here f, g, h are some dimensionless functions of Mandelstam variables and 1/ǫ parameter which
is taking care of the IR property of the box diagram. Here again, P01loop(+ + ++) has mass
dimension -4 and helicity +2 at each point, as expected.
In the 2-loop approximation there are double box diagrams and non-planar diagrams:
P02loop(+ + ++) = iκ2
[ij]4
〈i′j′〉4
(
s2(I(2)4 (s, t) + I(2)4 (s, u)) + ...
)
, (4.6)
where ... means a cyclic permutation of s, t, u. When the corresponding 2-loop graphs are
computed one finds [7, 34]
P02loop(+ + ++) = iκ2
[ij]4
〈i′j′〉4
(
f ′
t
+
g′
s
+
h′
u
)
, (4.7)
where f ′, g′, h′ are some dimensionless functions of Mandelstam variables and 1/ǫ parameter.
Here P02loop(+ + ++) has mass dimension -4 and helicity +2 at each point, as it should.
4.1 3-Loop Case
In the 3-loop approximation there are triple box diagrams and non-planar diagrams:
P03loop(+ + ++) = iκ4
[ij]4
〈i′j′〉4X(s, t, u) . (4.8)
The dimensionless function X(s, t, u) is given by two groups of terms [13]. One group is propor-
tional to the 4-th power of Mandelstam variables, some combination of s4ij, times a non-local
integral of the triple box type, as well as non-planar graphs. This integral is well convergent in
UV, it has mass dimension -8 and upon computation has to produce a term of the form s−4kl up
to dimensionless combinations of s/t etc. The second group is proportional to the third power
of Mandelstam variables, some combination of s3ij, times a non-local integral of the triple box
type, as well as non-planar graphs. This integral is also well convergent in UV, it has mass
dimension -6 and upon computation has to produce a term of the form s−3kl up to dimensionless
combinations of s/t etc. In both cases the integral is non-local. If one tries to relate it to
possible UV divergences by expanding in a power series in momenta, one finds that there are
following terms
s3ij
Λ6
,
s4ij
Λ8
,
s5ij
Λ10
, etc. , (4.9)
whereas the terms
s0ij ln Λ ,
sij
Λ2
,
s2ij
Λ4
(4.10)
are missing. This absence of UV divergence lnΛ means finiteness at the 3-loop level. In
addition, the computations established the absence of other two terms in eq. (4.10) ,
sij
Λ2
and
s2ij
Λ4
, which is called superfiniteness. From the perspective of the light-cone formalism one may
interpret the result of the 3-loop computation as follows: the function X(s, t, u) has dimension
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zero, however, it is a non-local function of momenta given by the ratio’s of the type
s3ij
s3kl
times
the dimensionless functions of s/t etc. In the momentum Fourier space x it cannot be presented
by a local function in transverse directions, but it is well described in terms of the light-cone
superfields with some non-local amplitude.
(Alc4 )3loop ∼
(
4∑
l=1
λ2l ηl
)8
κ4
[ij]4
〈i′j′〉4X(s, t, u) (4.11)
A well known 3-loop UV divergence for the 4-graviton amplitude can be reproduced upon
η-integration of the underlying light-cone superfield amplitude under condition that
X(s, t, u) ∼ ln Λ (4.12)
However, the presence of such terms would contradict the light-cone supergraphs where the
superfield amplitude would be
(Alc4 )3loopUV ∼
(
4∑
l=1
λ2l ηl
)8
κ4
[ij]4
〈i′j′〉4 ln Λ (4.13)
Under Fourier transform to x, θ space, the expression in (4.13) as a function of light-cone
superfields is non-local, it cannot appear as a local divergence in the supergraphs since it is not
expressible as a function of the light cone-superfields (and their derivatives in the transverse
space-time and spinorial directions) at one point in x, θ space.
To make it more clear, we can rewrite the ln Λ part of the amplitude in a form in which
its singularity in the momentum space is given in terms of the Mandelstam variables. Here
we have to take into account that P03loop(+ + ++) = iκ4 [ij]
4
〈i′j′〉4X(s, t, u) has dimension -4 and
helicity + 2 at each point. We find that the 3-loop UV divergence, which could be a candidate
for the UV divergent 4-point amplitude, corresponds to the light-cone superfield amplitude
Alc4 = (
∑4
l=1 λ
2
l ηl)
8P0(+ + ++), where
PUV3loop(1+, 2+, 3+, 4+) ∼ κ4
(
[12][34]
s
+
[13][24]
t
+
[14][23]
u
)
N∗(4)
stu
ln Λ . (4.14)
Here N(4) =
∏i=3
i=1
∏4
j=i+1〈jk〉 and N∗(4) =
∏i=3
i=1
∏4
j=i+1[jk] were introduced in [35]. How-
ever, the supergraphs will not produce lnΛ divergence with the non-polynomial dependence on
Mandelstam variables in the amplitude. This is in agreement with the 3-loop computation [13]
where such terms are absent.
The square of the Bel-Robinson tensor (RαβγδR¯α˙β˙γ˙δ˙)
2 has a long history in studies on SG
counterterms. It was proposed as a candidate 3-loop counterterm for N=1 SG in [36]. It
was also generalized to the case of N=8 SG in [4], [5]. Meanwhile we have learned that the
local counterterm candidate, a supersymmetric version of the square of the Bel-Robinson tensor
failed and did not show up as a logarithmic divergence in the 3-loop computations in [13]. Here
we will show that the light-cone supergraphs predicted this.
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As we explained above the light-cone candidate of the 3-loop divergence in the Fourier
momentum space is given by
W 3looplc [Φin]UV ∼
4∏
i=1
(∫
d4piδ(p
2
i )d
8ηiΦ(pi, ηi)
)
δ4
(
m=n∑
m=1
pm
)
a=8∏
a=1
n∑
k>l≥1
〈kl〉ηkaηla κ4 [ij]
4
〈i′j′〉4 ln Λ .
(4.15)
Here we have combined both spinorial δ8-functions into a δ16 ∼ ∏a=8a=1∑nk>l≥1〈kl〉ηkaηla which
is useful for the evaluation of the amplitude.
Now we have to check that its gravitational part is related to the linearized square of the
Bel-Robinson tensor (with the on-shell graviton). It has been explained in [17] that in helicity
formalism the square of the Bel-Robinson tensor is given by the following expression:
κ4
∫
d4x(RαβγδR¯α˙β˙γ˙δ˙)
2 ⇒ κ4
4∏
i=1
(
∫
d4pi) 〈12〉4[34]4h¯(p1)h¯(p2)h(p3)h(p4) . (4.16)
Let us find this expression now as a part of the 3-loop light-cone “counterterm” (4.15).
1. From the δ16 function
∏a=8
a=1
∑n
k>l≥1〈kl〉ηkaηla we pick up the term with only η81 and η82.
2. We take P0(1+, 2+, 3+, 4+) in one of the equivalent forms, [34]4〈12〉4 .
3. Perform the η integration
∏4
i=1
∫
d8ηi
W 3looplc [Φin] ∼
4∏
i=1
(∫
d4piδ(p
2
i )d
8ηiΦ(pi, ηi)
)
δ4
(
m=4∑
m=1
pm
)
〈12〉8η81η82 κ2
[34]4
〈12〉4 + ... (4.17)
Keeping in mind that
Φ(p, η) ∼ h¯(p) + .... + η8h(p) , (4.18)
we have to take h(p1) and h(p2) from the first 2 superfields, but h¯(p3) and h¯(p4) from the other
two to provide all required 4× 8 powers of η. This gives us
W 3looplc [hin, h¯in] ∼
4∏
i=1
(∫
d4piδ(p
2
i )
)
δ4
(
m=4∑
m=1
pm
)
(h(p1)h(p2)h¯(p3)h¯(p4))κ
4〈12〉4[34]4 + ...
(4.19)
The terms ... above include all supersymmetry partners of the square of the Bel-Robinson
tensor. Therefore our expression (4.15) would be a correct candidate for the 3-loop counterterm
in the light-cone superspace. However in the light-cone superspace the amplitude (4.13) contains
κ4 [ij]
4
〈i′j′〉4 . This expression, or its analog shown in eq. in (4.14), is non-local in transverse space-
time directions.
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4.2 Local Versus Non-Local and UV Divergences
The supergraph rules in the chiral p, θ space will provide positive powers of p⊥, p¯⊥ and η ∼ ∂∂θ .
The propagators will produce the θ δ-functions and terms 1/l2 where l are momenta carried
by the propagators of the internal lines. They correspond to the combinations of integration
variables q and momenta of external particles p1, p2, like l = q + p1 + p2. The integral over
loop momenta q1, ..., qL will have positive powers of internal and external transverse momenta
and propagators in the denominator. Such integrals cannot produce terms 1
s2tu
ln Λ which are
required to support the ln divergence of the 3-loop 4-point amplitude. For example, the 3-loop
amplitudes of N=8 SG have the form [14]:
L=3∏
L=1
d4qL
N(qL, pi)∏m=10
m=1 l
2
m
. (4.20)
Here q1, q2, q3 are three independent loop momenta and N(qL, pi) are polynomials in loop mo-
menta and external momenta.6 When the propagators l−2 = (q + p1 + p2)
−2 are expanded
like
1
(q + p1 + p2)2
=
1
q2
(
1 +
2q(p1 + p2) + 2p1p2
q2
)−1
≈ 1
q2
(
1− 2q(p1 + p2) + 2p1p2
q2
+ ...
)
(4.21)
the first term ∼ 1
q2
may lead to a UV divergence but the second term has an extra factor
1
q
∼ 2q(p1+p2)+2p1p2)
q2
and the degree of divergence is reduced comparative to the first one by one
power of Λ. Higher orders of expansion will have higher powers of external momenta p
q
and
eventually will become finite due to increasing number of powers of the integration variable q
in the denominator.
In the final answers for the amplitudes after integration one can have terms containing factors
like 1/s, 1/t, 1/u as well as terms like ln s/t. However, one cannot have 1/s, 1/t, 1/u in the ex-
pression for the loop integrals from which we extract the counterterms/logarithmic divergences.
There is standard all-loop renormalization procedure in QFT based on Bogoliubov-Parasiuk-
Hepp-Zimermann theorem which states that in general QFT to any order in perturbation theory
all divergences are removed by the counterterm vertices corresponding to superficially divergent
integrals. The procedure involves an expansion of the INTEGRAND of the loop integral like
the one in eqs. (4.20), (4.21): one finds terms which are divergent, and the next terms in
the expansion of the integrand are finite. It boils down to the following: the UV divergences
(the counterterms) must be locally constructed, i.e. written without using such operators as
1/. The only exception in the light-cone gauges is the presence of factors like 1
p++iǫ sign p−
, see
Appendix C for details.
Thus the divergence (4.13), (4.14) should not appear in the Feynman supergraph compu-
tations of the 3-loop order in N=8 SG. According to equivalence theorem, the same should
happen in a covariant computation, as it was indeed discovered in [13] via the unitarity method.
6In the light-cone supergraphs the ± directions do not have to be non-polynomial since the vertices have
terms like 1
p++iǫ sign p−
.
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There is one more puzzle on the square of the Bel-Robinson tensor which is now resolved
by the light-cone supergraphs. It was shown in [37] that the non-local 1-loop effective 4-point
amplitude is given by the linear in gravitons part of the following expression
Sbox =
∫
d4x1d
4x2d
4x3d
4x4
x212x
2
23x
2
34x
2
41
(
Rαβγδ(x1)Rα˙β˙γ˙δ˙(x2)R
αβγδ(x3)R
α˙β˙γ˙δ˙(x4) + sym.
)
(4.22)
The N=8 supersymmetric version of the 1-loop on-shell effective action (4.22) is rather simple
[37]:
SboxN=8 ∼
∫
d4x1d
4x2d
4x3d
4x4 d
16θB
W1W2W3W4
x212x
2
23x
2
34x
2
41
, (4.23)
where Wa ≡ W (xa, θB), a = 1, 2, 3, 4. Here the index B means either a specific choice of the
basis in θ-space found in [4] or a representation [232, 848] of the SU(8) used in [5]. Eq. (4.23)
provides an N=8 supersymmetric extension to the 1-loop box diagram for the square of the
Bell-Robinson term with each curvature spinor R at the different corner of the box, as one can
see in eq. (4.22). Thus the non-local amplitudes do realize the N=8 supersymmetrization of
the non-local square of the Bell-Robinson term.
The local expression for the 3-loop counterterm is
S3loopN=8 = κ
4
∫
d4x d16θB W
4(x, θB) = κ
4
∫
d4xRαβγδ(x)Rα˙β˙γ˙δ˙(x)R
αβγδ(x)Rα˙β˙γ˙δ˙(x)+ ... . (4.24)
The local expression for square of the Bell-Robinson term is forbidden by the light-cone su-
pergraph rules. However, the non-local amplitude is not forbidden by the structure of the
light-cone amplitudes and therefore we find a complete consistency in this picture. The N=8
supersymmetric version of the non-local square of the Bell-Robinson term remains a relevant
important structure of the N=8 SG amplitudes.
There is an interesting connection of these structures with the projective superspace and
supertwistor expressions developed in [38].
4.3 Changing Dimensions
In the unitarity cut method [8, 7] the continuation to arbitrary dimensions can be done by
analytic continuation of the bosonic integrals for the 4-point graviton amplitudes. For example
the 3-loop computation in N=8 SG [13] provides an integral in dimension d of the form
∫
ddq1d
dq2d
dq3
q2i s
3
ij
l2i ...(l + p)
2
, (4.25)
where there are 10 propagators in the denominator. For d = 4, the UV behavior is
s3ij
Λ6
+...,
where the terms ... have higher powers of momenta and inverse powers of Λ. For d = 6, the
integral is ∼ s3ij lnΛ. Therefore the conclusion in [13] is that N=8 SG in d = 6 is divergent at
3-loops.
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The question is: Can we use the light-cone formalism developed here for d=4 to predict the
3-loop logarithmic divergence in d=6 or 1-loop divergence in d=8?
The kinematical part of the 4-graviton amplitude in d=4 is given in the helicity formalism as
〈12〉4[34]4. In the coordinate space this corresponds to the square of the Bel-Robinson tensor,
(RαβγδR¯α˙β˙γ˙δ˙)
2, where Rαβγδ and R¯α˙β˙γ˙δ˙ are curvature spinors of opposite chirality. In higher
dimensions one can represent the square of the Bel-Robinson tensor as a particular fourth
power of the curvature tensor, t8t8R
4, which avoids the chiral notations of d=4 theory.
d = 4, (RαβγδR¯α˙β˙γ˙δ˙)
2 ⇒ tµ1...µ88 tν1...ν88 Rµ1µ2ν1ν2Rµ3µ4ν3ν4Rµ5µ6ν5ν6Rµ7µ8ν7ν8, d 6= 4 .
(4.26)
This fact was used in computations, starting from [7], of N=8 SG amplitudes in various
dimensions between 4 and 11. It was sufficient to analytically continue the range of integration
from 4 to d in the integrals like (4.25). The possibility of such an analytic continuation in
dimensions when using the unitarity cut method in maximally supersymmetric theories is sup-
ported by the fact that the states of d=11, N=1 supergravity are identical in all dimensions,
with only the names of the states changing as dimension is changed.
For our purpose of extending our light-cone d=4 supergraph analysis to d=6 or d=8 we
have to find a 6-dimensional analog not of the 4-graviton amplitude ∼ (RαβγδR¯α˙β˙γ˙δ˙)2 but of
the light-cone superfield amplitude:
κ4
(
4∑
l=1
p⊥l√
p+l
ηl
)8 〈i′j′〉4[ij]4
〈i′j′〉8 . (4.27)
The familiar term here, which is easy to continue to other dimensions, is 〈i′j′〉4[ij]4. This can be
replaced by t8t8R
4 in other dimensions. This still leaves us with problems. The first one is the
chiral delta function
(∑4
l=1
p⊥l√
p+l
ηl
)8
, which depends on transverse momentum p⊥l = (p1+ip2)l
at each point l. In d=6 there are 4 transverse momenta p1, p2, p4, p5, in d=8 there are 6
transverse momenta, so the delta function in the light-cone amplitude is problematic. Another
problem is the term 1
〈i′j′〉8
. In d=4 it can be presented as shown in eq. (3.3) and it also depends
on p⊥ at the points i
′ and j′. It is therefore not clear if such an analytic continuation of the
d=4 light-cone amplitude can be defined for d=6, 8 and what the answer is.
Therefore the best we know at present is that our light-cone superfield amplitude in d=4
is not obviously generalizable to any dimension d 6= 4. To test our argument about the non-
locality of the light-cone amplitude versus available computations first we have to construct the
relevant formalism in d=6, 8 and/or find an analytic continuation of the light-cone amplitude.
Before this is done properly, the light-cone superfield predictions of d=4 are not useful for d 6= 4.
4.4 4-Point Amplitude at Higher Loops
The 4-point (−−++) L-loop graviton amplitude has to be proportional to the tree level 4-point
amplitude times the s, t, u polynomials as explained in [7]. It also follows from the fact that
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the non-local square of the Bel-Robinson tensor can be made N=8 supersymmetric using the
covariant linearized superfield as shown in example (4.23). Insertions of s, t, u polynomials into
eq. (4.23) will preserve the linearized supersymmetry.
No other structures of this kind are available. We can therefore multiply the tree level
amplitude by a dimensionless factor κ14stu(s4 + t4 + u4) which, as we will explain, is the first
polynomial which will remove the non-locality factors from the light-cone superfield 4-point
amplitude. It corresponds to the 7-loop case since we will have κ14 times κ−2 at the tree
amplitude which results in κ12 = κ2(L−1).
P07loop(+ + ++) ∼ κ14stu(s4 + t4 + u4)P0tree(+ + ++) ∼ κ12(s4 + t4 + u4)
[ij]4
〈i′j′〉4 . (4.28)
Although it looks like this amplitude is still non-polynomial in momenta, one can in fact
rewrite it as follows:
P07loop(+ + ++) ∼ κ12
(
s4
[34]4
〈12〉4 + t
4 [13]
4
〈24〉4 +
[14]4
〈23〉4
)
. (4.29)
Here we used relations (4.3). Now in each term we can reorganize things using the fact that
s4ij = 〈ij〉4[ij]4. We find a polynomial in momenta expression which becomes a candidate
counterterm for the 7-loop 4-point amplitude:
P07loop(+ + ++) ∼ κ12
(
[34]4[12]4 + [13]4[24]4 + [14]4[23]4
)
. (4.30)
This expression is totally symmetric in exchange of any pair of particles, it has mass dimension -4
and helicity +2 at each point. It will correspond to a covariant counterterm κ12
∫
d4xd16θBW
4∂8
where ∂8 is a symbolic expression for a symmetric combination of derivatives acting on each of
the four superfields W (x, θB) [4]. The gravitational part in the momentum space is the square
of the Bel-Robinson tensor with insertions of 4 powers of symmetric Mandelstam variables.
5 n-Point Loop Amplitudes, Proportional to Tree Ones
The set of tree level amplitudes in N=8 SG has a non-linear E7(7) symmetry which relates
amplitudes with different number of points. Therefore, as a simplest probe of the n-point UV
divergences we may assume that, as in the 4-point case, the candidate counterterms are some
polynomials in particle momenta times the tree diagrams (later we will relax this assumption).
For the n-point light-cone amplitudes in eq. (2.13) P(p1, ...pn; η1, ..., ηn) we have to consider
the polynomial in η’s, P0+P8+ ...+P8n−32. The first term, the MHV amplitudes, is the only
one for n = 4. For higher n we have to study the properties of all terms in eq. (2.13). We may
start with the MHV tree amplitude derived in [35],
P0tree(1+, 2+, 3+, 4+, ...., n+) =
[12][n− 2n− 1]
〈1n− 1〉N(n) × f(p) . (5.1)
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Here N(n) =
∏i=n−1
i=1
∏n
j=i+1〈jk〉 and f(p) is some polynomial function of momenta and angular
brackets. To make this amplitude non-singular, we can multiply it by [1n− 1]〉N∗(n). In such
case we find
P0tree(1+, 2+, 3+, 4+, ...., n+) =
[12][n− 2n− 1][1n− 1]N∗(n)
κ2s1,n−1NN∗(n)
× f(p) . (5.2)
The singularity is now given in terms of invariants sij. The power of momenta in s1,n−1NN
∗(n)
is equal to n(n − 1) + 2. In case of n = 4 we would have t3u2s2, which gives a power of
momenta equal to 3× 2+2 = 14. After symmetrization, the power may be higher, however, at
this point the only important fact is that the power grows as n2 at large n for the amplitude
P0tree(1+, 2+, 3+, 4+, ...., n+).
For NMHV case P8 and NNMHV case P16 etc. a separate study it required. There is an
increasing amount of information on these amplitudes, [25, 16, 39, 30, 40], which hopefully will
help to evaluate the light-cone UV divergences in N=8 SG.
We may also use the recently discovered supersymmetric recursion relations [16] valid for
the tree amplitudes. We can relate them to the class of loop amplitudes which have the same
helicity structure and infer the situation with the proliferation of the singularities with growing
number of legs in the amplitude. The recursion relations are presented in a form useful for us in
eq. (24) of [16]. Basically, they state that the n-point tree amplitude may be generated using
the previously known bosonic BCFW deformation [41], λ1(z) = λ1+ zλ2 and λ¯2(z) = λ¯2− zλ1,
as well as a fermionic one, η1(z) = η1 + zη2. The corresponding recursion relations are
M({η1(z), λ1(z), λ¯1}, {η2, λ2, λ¯2(z)}, ηi)
=
∑
L,R
∫
d8 ηML({η1(zP ), λ1(zP ), λ¯1}, η, ηL) 1
P 2(z)
MR({η2, λ2, λ¯2(zP )}, η, ηR) . (5.3)
An important information for us in these recursion relations has to do with the following fact.
The 4-point amplitude can be given via a sum of various 3-point amplitudes connected by one
line between them, see e.g. Fig. 1 in [16]. To add one leg one can add one more 3-point
vertex connected to the 4-point one by a propagator. On can add a leg in many different
ways. For a general case one can view the left part of the graph in Fig. 1 in [16] as consisting
from various 3-point amplitudes connected by propagators, the same for the right-hand side.
In all cases, adding one more leg reduces to the following: pick up any of the existing n − 1
legs in the amplitude, let us call it leg i, and create a 3-point amplitude with two external
legs, one is a new one, n, and the other one is the one we called i. The third leg of the 3-
point amplitude is the propagator, connecting n and i legs to the remaining n − 2 legs. This
will increase a singularity of the n-point amplitude comparative to (n− 1)-point amplitude by
one factor of (pn + pi)
−2. However, there are n − 1 such possibilities since i = 1, 2..., n − 1.
This means that a symmetrized n-point amplitude has an increased number of singularities in
momenta, comparative to the (n−1)-point amplitude: the n-point amplitude has an extra factor
comparative to the (n − 1)-point amplitude: Mn ∼ Mn−1(sij)n−1 . Let us compare this proliferation
of singularities with the one we deduced in the previous subsection from the explicit Berends-
Giele-Kuijf formula (5.1) for the MHV amplitudes. We found that the power of momenta
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in the denominator in n-point amplitude is equal to [n(n − 1) + 2]. This means that the
proliferation of the singularities between the n-point amplitude and the n− 1-point amplitude
is [n(n−1)−2]− [(n−1)(n−2)−2] = 2(n−1). This is in full agreement with the prediction of
the recursion relation. However, recursion relations are not constrained by the MHV amplitude,
they are generic. We conclude that the n-point MHV and non-MHV amplitudes, proportional
to tree ones, may start having divergences from the loop Lcr =
n(n−1)
2
+ 1.
6 General Helicity Structures in n-Point Amplitudes
In loop amplitudes some new helicity structures are possible, which are not necessarily pro-
portional to tree amplitudes. Consider a case when at some loop order L a certain m-point
amplitude can be given in the form of a local expression, without non-local factors, and therefore
may serve as a candidate for a divergence.
Now we may try to consider at the same loop order the amplitude with m + n external
legs. Since we are not changing the loop level, we have to keep the dimension of the amplitude
without change, however, we have to increase the helicity of the amplitude by a factor of +2 at
each of the n new legs.
The only way to increase helicity without changing dimension is to multiply by factors like
[ij] and divide by exactly the same number of factors 〈i′j′〉. It is therefore impossible to avoid
a dependence on transverse directions in the denominator of the amplitudes with additional
legs. Therefore, even if we have a candidate divergence at the loop L with m-point amplitude,
the m+n amplitude at the loop L cannot be divergent. It may be divergent at the higher loop
level.
The difference with a simpler case when the loop amplitudes repeat the helicity structure of
the tree amplitudes is the following. When MLloop ∼ M treef(sij) we had explicit information
on the properties of the amplitudes, like the delay of divergence to the Lcr =
n(n−1)+2
2
. In more
general case 7 the explicit formula is Lcr = n+3, however, we only need the fact explained above
that the delay of divergences increases with the number of legs. This is sufficient to proceed
with the claim that the delay of the UV divergences due to non-locality of n-point amplitudes
together with unbroken E7(7) symmetry leads to an all-loop finiteness prediction for the N=8
SG.
7 E7(7) Symmetry and All Loop Finiteness
Here we would like to put our trust into the validity of the continuous E7(7) symmetry at the
perturbative quantum level. At this point we will ignore the puzzle created by the U -duality of
string theory and N=8 QFT and the fact that d=4 black holes in N=8 supergravity break the
7The generic structure of all such local amplitudes will be given in [23].
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continuous classical symmetry E(7,7)(R) to the discrete subgroup E(7,7)(Z) [42]. We will talk
about it in the next section.
At this point one should consider the non-linear symmetries which relate the amplitudes
with different number of particles. If one believes that non-linear symmetry E7(7) symmetry
is not anomalous, it would require that at any particular loop level, all n-point amplitudes are
divergent. The reason is that the coset part of the symmetry is non-linear in superfields [19].
Symbolically,
δE7(7)φ(x, θ) =
∞∑
n=0
(fnabcdΣ
abcd + fabcdn Σ¯abcd)φ
n(x, θ) (7.1)
Here fnabcd and f
abcd
n depend on θ and
∂
∂θ
and ∂+ and ∂
−1
+ . Σ
abcd and Σ¯abcd are the 70 parameters
of the
E7(7)
SU(8)
coset transformations. Together with 63 SU(8) transformations they form the
133-parameter E7(7) symmetry. However, the 63 SU(8) transformations are realized linearly
[19]
δSU(8)φ(x, θ) = ω
a
bT
b
aφ(x, θ) (7.2)
where T ba is some quadratic operation in fermionic differential operators. Thus the diagonal
SU(8) part of E7(7) is not useful for our purposes, for example, it relates the 4-point amplitudes
to the 4-point amplitudes only. However, the coset part of E7(7) shown in eq. (7.1) requires
all 4 +m-point partners with m→∞ to satisfy the symmetry requirement. But according to
the discussion of the singularities in the momentum space for n-point amplitudes, this is not
possible.
It appears that the current studies of E7(7) symmetry inN=8 d=4 QFT in [19, 24, 16, 17, 26]
support the expectation that E(7,7)(R) may be anomaly free in perturbative QFT computations.
Therefore by combining the E7(7) symmetry with the supersymmetric recursion relations we
are able to argue that the light-cone supergraphs predict all-loop finiteness of d=4 N=8 SG.
As we already explained, the non-linear nature of the E7(7) symmetry requires that at any
loop level we have an n-point amplitude partner of the 4-point amplitude. The proliferation of
singularities delays the logarithmic UV divergences to higher and higher loops and in the limit
n→∞ leads to the all-loop finiteness prediction.
8 Non-Perturbative N=8 and Extremal Black Holes
The assumption/argument that N=8 SG is perturbatively finite leads to a number of puzzles
with regard to the U-duality of string theory [43]. Namely, U-duality in the context of string
theory means that the E(7,7)(R) symmetry of the classical N=8 SG is broken down to a discrete
subgroup of it, E(7,7)(Z).
Clearly, perturbative N=8 SG is not a complete theory. At least one of the reasons is the
existence of non-perturbative solutions of N=8 SG in d=4. Some well known solutions are
extremal black holes of N=8 SG which recently have been related to quantum information
theory [42]. Recently some more general non-perturbative solutions of N=8 SG have been
studied [44].
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The studies of the QFT amplitudes near the Minkowski space suggest that E(7,7)(R) sym-
metry of the classical N=8 SG may be unbroken in the perturbative QFT computations.
Meanwhile, the black hole charges are quantized and they form a fundamental representation
56 of E(7,7)(Z). The symplectic charge matrix-vector Q for N=8 consists of electric eΛΣ and
magnetic mΛΣ charges forming the fundamental representation of E7(7)
Q ≡ (mΛΣ, eΛΣ) . (8.1)
Moreover, near the black hole horizon the values of the scalars are fixed by the attractor
mechanism [45] and depend on black hole charges. Quantized charges break E(7,7)(R) symmetry
of the background down to E(7,7)(Z) symmetry and therefore the value of the vev which the
scalar fields acquire near the black hole horizon is chosen by the background. It corresponds to
the minimal value of the N=8 black hole potential [46]:
VBH(φ,Q) = ZABZ∗AB , A, B = 1, . . . , 8. (8.2)
Here ZAB (and its conjugate Z
∗AB) is the central charge matrix (and its conjugate).
ZAB(φ,Q) = f
ΛΣ
ABeΛΣ − hΛΣ,ABmΛΣ , (8.3)
where Q is charge vector, a fundamental 56 of E7(7), and the bein f
ΛΣ
AB(φ), hΛΣ,AB(φ) is an
element of the coset space
E7(7)
SU(8)
connecting the real 56 to complex 28 of [AB]. It depends on
70 real scalars φi, where the local SU(8) symmetry was used to remove 63 scalars from the
133-dimensional representation of scalars in E7(7). The derivative of the black hole potential
over 70 moduli is given by the following expression
∂iVBH = 1
4
Pi,[ABCD]
[
Z∗[CDZ∗AB] +
1
4!
ǫCDABEFGHZEFZGH
]
. (8.4)
Here Pi,[ABCD]dφ
i is the 70 × 70 vielbein of the E7(7)
SU(8)
coset space, i = 1, . . . , 70, and it is
invertible. This means that the necessary and sufficient condition for the critical points of the
black hole potential with regular 70×70-beins is given by an algebraic condition on the central
charge matrix:
∂iVattrBH (φ,Q) = 0 ⇒ Z∗[ABZ∗CD] +
1
4!
ǫABCDEFGHZEFZGH = 0 . (8.5)
Various solutions of these equations of the type φiattr = φ
i(Q), relating the scalar field vev’s to
black hole charges are known.
Any of these exact non-perturbative non-linear solutions can be considered as a background
in which we compute quantum corrections. Actually, all predictions of counterterms which have
been made in the background field method have the following property. All divergences can
be represented as local expression depending on the background field, e.g. in d=4 pure gravity
the 2-loop UV counterterm is [47]
κ2
ǫ(4π)4
209
2880
∫
d4xRµν
λδRλδ
ηξRηξ
µν , (8.6)
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where R = Rµν = 0. The coefficient of the divergence,
209
2880
, does not depend on the choice
of the background, it is the same number near the flat background when the 3-point graviton
amplitude is computed, or in any other background which is an exact solution of classical
equations.
The fact that in N=8 SG the amplitudes near Minkowski space were shown to be UV
divergent through 3 loops suggest that the computation of the background functional, for
example in the extremal black hole background, will be also free of divergences at least through
3 loops. The supergraph analysis predicts that the amplitudes are all-loop finite. This suggests
that the background functional in the classical black hole background may be all-loop finite. The
absence of UV divergences (which in our analysis requires the unbroken E(7,7)(R) symmetry)
does not seem to be affected by the properties of the black hole background, which breaks
E(7,7)(R) down to E(7,7)(Z) due to charge quantization in the background. This is reminiscent
of the QFT non-Abelian gauge theories which have the same UV properties independently of
the fact that the gauge symmetry may be broken spontaneously [48].
One of the possible consequences of our results is that one should be able to compute N=8
QFT corrections and use the corresponding effective action to study quantum corrections to
classical solutions. For example, the near horizon extremal black hole AdS2×S2 geometry has
8 supersymmetries unbroken. It is not unlikely that it will be an exact solution of N=8 SG
with the account of quantum corrections. It would be interesting to study this conjecture as
well as other properties of perturbative and non-perturbative N=8 SG.
9 List of “Things To Do”
It would be good to have a better and much more detailed understanding of the N=8 light-
cone superspace and the corresponding d=4 supergraph QFT which would help to confirm the
analysis and predictions of this paper. In particular:
• N=4 SYM Feynman rules in the momentum superspace were proposed and used for the
computations of dilatation operators [22]. Supergraph light-cone Feynman rules were also
used in [49] to compute some diagrams in an N=4 SYM theory deformed to N=1. The
extensive set of light-cone computations was performed in N=4 SYM theory in compo-
nents, not manifestly supersymmetric, see [50] and references therein. So far, however, in
existing literature there are no explicit supergraph computations of the on shell ampli-
tudes in which we are interested. Such computations would help us to see if the generating
functional formalism suggested here for N=4 SYM and for N=8 SG is in agreement with
actual supergraph computations. Hopefully, the examples will support the structure of
the functional proposed above.
• One can start with N=4 SYM and compute the 4-point supergraph amplitude using the
Feynman rules in the chiral superspace. This is expected to produce for the color-ordered
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light-cone amplitude in any order of perturbation theory of the form
Alc4 (p1, ...p4; η1, ..., η4)YM =
(
l=4∑
l=1
p⊥l
(p+l )
1/2
ηl
)4
P(p1, ...p4)YM . (9.1)
Here P(p1, ...p4)YM = A(−−++)〈12〉4 + ..., where dots mean symmetrization. Thus any would be
local logarithmic divergence in the 4-gluon amplitude A(−−++) in the underlying light-
cone supergraph computation will have an extra 〈12〉−4. This is a non-local in transverse
directions term in supergraphs, which prevents a UV divergence in the 4-gluon amplitude.
If one can confirm it for N=4 SYM, it will indicate that the analogous is likely to be the
property of N=8 SG.
• In N=4 SYM the coupling constant in d=4 is dimensionless. Therefore, as opposite to
N=8 SG, the non-locality of the 4-point function cannot be removed by multiplication by
a dimensional polynomial of Mandelstam variables times a power of a coupling constant.
This means that the non-locality of the 4-pointN=4 SYM light-cone superfield amplitude
makes it finite. In N=8 SG such dimensionless polynomials are available, one can only
delay the infinities to a higher loop level. The E7(7) symmetry has to work to relate the
n-point amplitudes to each other. Only in such case the infinities are delayed forever since
n→∞. This part has to be studied on top of everything we learn from N=4 SYM.
• We argued in Sec. 6 that the helicity structure of the n-point on-shell loop amplitudes is
the same as the tree amplitudes and the difference comes out only in the dependence on
scalar invariants pi · pj = sij . We also suggested a more general scenario, that the loop
amplitudes are not proportional to tree amplitudes. It would be very useful to check all
available computations of the n-point loop diagrams both in N=4 SYM and in N=8 SG
to clarify the situation by specific examples.
• The light-cone supergraph formalism was not yet formulated in d 6= 4, to the best of our
understanding. If the formalism will be constructed one can compare the information
on UV divergences in diverse dimensions. with the light-cone supergraph predictions.
In maximal SG there are two most interesting cases. Light-cone supergraphs should
allow the d=8 1-loop logarithmic R4 divergence and in d=6 they should allow the 3-loop
logarithmic ∂6R4 divergence. If there will be a contradiction, we will have to revisit the
d=4 predictions and find the source of the problem.
• It requires much more work to establish the absence of anomalies in BRST symmetry, on
which the equivalence theorem of Sec. 3 is based. So far we have only partial hints that
the theory is anomaly-free.
• The considerations in this paper are of a very general nature, not yet supported by specific
computations. Clearly, if we are looking to establish the UV properties of N=8 SG at
the arbitrary loop level, we cannot avoid being very general. However, before the set of
arguments in this paper can be fully trusted, one should critically analyze each argument
and look for examples/counterexamples via specific computations. This will help to rule
out or improve and confirm each argument one by one.
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10 Summary
In this paper we identified the structure of the amplitudes of the light-cone chiral scalar su-
perfield Φ(pi, ηi) in N=8 SG. We have established a relation between the light-cone superfield
amplitudes and graviton amplitudes as well as amplitudes of all other particles of N=8 SG.
Upon certain integration over the Grassmann variables these superfield amplitudes reproduce
the familiar expressions for the graviton amplitudes. In this sense the light-cone superfields
amplitudes are fundamental as they describe the results of Feynman supergraph computations
in unitary gauge of the theory where only physical degrees of freedom propagate. The graviton
and all other particle amplitudes are computable from the superfield amplitudes.
We found that the n-point light-cone amplitude in the momentum superspace is given by
the following expression:
Alcn (p1, ...pn; η1, ..., ηn) =
(
l=n∑
l=1
p⊥l
(p+l )
1/2
ηl
)8
P(p1, ...pn; η1, ..., ηn) (10.1)
where
P(p1, ...pn; η1, ..., ηn) = P0(+ + .... ++) +NMHV +NNMHV + ... . (10.2)
Here the symmetric n-point expression P(p1, ...pn; η1, ..., ηn) has the total dimension 0 and
helicity +2 at each point. The first term P0(+ + .... + +) depends only on momenta pi and
represents the MHV amplitudes. The next terms, from NMHV all the way to MHV , are
polynomials of increasing power in η.
These amplitudes turned out to have some remarkable properties. To reproduce the local
counterterms for the graviton amplitudes, the superfield amplitudes have to be non-local in
transverse directions, p⊥ = p1 + ip2. The qualitative reason is relatively simple to understand
for those familiar with Nair amplitude construction [28, 32, 25, 16, 26].
For example, the light-cone superfield 4-point amplitude A(pi, ηi), i = 1, 2, 3, 4 is related to
the 4-point MHV 4-graviton amplitude M4(−−++) as follows:
Alc4 (pi, ηi) =
(
l=4∑
l=1
p⊥l
(p+l )
1/2
ηl
)8
P(+ + ++) =
(
l=4∑
l=1
p⊥l
(p+l )
1/2
ηl
)8
M4(−−++)
〈12〉8 . (10.3)
Whenever the graviton amplitude M4(− − ++) is local (polynomial in transverse momenta
p⊥ momenta), the light-cone superfield amplitude may be non-local due to the extra factor
1
〈12〉8
. When the denominator in the right hand side of equation (10.3) tends to zero, i.e.
〈12〉 = p⊥1p+2 −p⊥2p+1
(p+1 p
+
2 )
1/2 → 0, the fermionic delta-function
(∑l=4
l=1
p⊥l
(p+l )
1/2 ηl
)8
is not vanishing. By
adding to it the well known information about the graviton amplitudes at certain loop order
one can predict the UV behavior of the light-cone supergraphs.
The 3-loop divergence of the 4-point amplitude is ruled out since P0(+ + ++) ∼ κ4 [ij]4
〈i′j′〉4
.
(We explain in Appendix B why in pure gravity the light-cone analysis does not prevent the
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3-loop divergence.) If we study only the 4-point function, ignoring E7(7) symmetry, we make
the following prediction: The first polynomial in momenta amplitude with proper helicity and
dimension for the 4-point function is available at the 7-loop level.
Further we argued that the delay of divergences for the 4-point function to higher loop
order has to be supported by an analogous delay of the n-point functions due to unbroken
E7(7) symmetry. This symmetry is realized non-linearly and requires the presence of all n-
point amplitudes with n→∞. Meanwhile, the structure of the n-point amplitudes suggests a
proliferation of the singularities in Mandelstam-type variables in the n-point amplitudes. The
qualitative reason for this is that the light-cone amplitude for increasing number of legs has
an increasing number of helicities +2 at each point and fixed dimension: one cannot increase
the number of square brackets [ij] in the nominator, one has to add also angular brackets 〈kl〉
in the denominator. This in turn means that when n increases, the delay of divergences for
the n-point amplitudes moves the UV infinities to higher and higher loop order. In the limit
n→∞ the number of lops is pushed to infinity and we conclude that all infinities are delayed
for all light-cone superfield loop amplitudes: the light-cone supergraphs predict that the theory
is UV finite.
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11 APPENDIX
A N=4 SYM on the Light Cone
We start with the Mandelstam version on N=4 SYM theory [20] given in the useful for us form
in [22]. The chiral superfield (with rescaled fermions) of dimension zero and helicity -1 in the
chiral basis is
φ(x, θ) = ∂−1+ A(x) + θ
A∂
−1/2
+ ψ¯A(x) + θ
ABφ¯AB(x) + θ˜A∂
1/2
+ ψ
A(x) + θ˜∂+A¯(x) . (A.1)
The N=4 SYM action is
S =− 1
g2
∫
d4xd4θ
(
1
2
φaφa +
2
3
fabc∂+φ
a∂¯φbφc +
2
3
[∂−2+ φ
b, ∂∂−2+ φ
c]
−1
2
fabcfade
{
∂−2+ (φ
b∂+φ
c)[∂−2+ φ
d, ∂∂−1+ φ
e]− 1
2
φbφd[∂−2+ φ
c, ∂∂−2+ φ
e]
})
, (A.2)
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where [φ1, φ2] ≡
∏4
A=1
(
∂
(1)
θA
∂
(2)
+ − ∂(2)θA ∂(1)+
)
φ1φ2 and
∏4
A=1 ∂θA = ∂θ1 ...∂θ4 . Note that in N=4
SYM A = 1, 2, 3, 4 is an SU(4) index and a is the non-Abelian color index.
Now we introduce the Fourier of the rescaled superfield by
Φ(p, η) =
∫
d4xd4θ e−ipx−ηa(p
+)1/2θa∂−1+ φ(x, θ) , (A.3)
The light-cone superfield Φ(p, η) has now the following simple form:
Φ(p, η) = A¯(p) + ηaψ
A(p) + ηABφ
AB(p) + η˜Aψ¯A(p) + η˜A(p) . (A.4)
The generating functional of the light-cone superfield amplitudes can be expressed in term
of the superfield (A.4) and the rest of the discussion of N=8 SG can be easily applied to N=4
SYM.
The main result of this paper is easy to formulate using, for simplicity, the analogous
structure in N=4 YM theory, which is more familiar than N=8 SG. We start with the eq.
(2.42) of Witten’s paper [32], which presents a useful form of Nair’s construction [28] for MHV
amplitudes:
Aˆ ∼ δ4(P )δ8(Θ)P0(λi) , (A.5)
where
δ4(P ) =
∫
d4x exp(ix
∑
i
pi) , δ
8(Θ) =
∫
d8θaα exp(iθ
a
α
∑
i
ηiaλ
α
i ) , a = 1, ..., 4 , α = 1, 2.
(A.6)
Here P0(λi) = 1N (123...n) for the tree approximation where N (123...n) ≡ 〈12〉....〈n1〉. It has been
explained in [33] that including the non-MHV amplitudes requires to replace P0(λi) by a sum
of terms which are polynomial in η4, namely, the complete tree level amplitude is
Aˆ = ign−2(2π)4δ4(P )δ8(Θ)
(P0(λi) + P4(λi, ηi) + ...+ P4n−16(λi, ηi)) , (A.7)
where P4m(λi, ηi) has 4m powers of η.
Our observation translated into N=4 YM theory is the following. One can derive eq. (A.7)
from the QFT path integral where the integration variable is the unconstrained chiral light-cone
superfield of N=4 YM theory.
(
eiW [φin]
)
N=4
=
∫
dφ ei(Scl[φ(x,θ)]+
R
d4xd4θφin(x,θ)φ(x,θ)) . (A.8)
The action depends only on a chiral light-cone superfield φ(x, θ) depending on 4 variables θ, see
the details in the Appendix A. Therefore the Fourier transform has to be used only for 4 θ’s,
not for 8. We have to split the Lorentz covariant δ8(Θ) into two parts
δ8(Θ) =
(∫
d4θa1 exp(iθ
a
1
∑
i
ηiaλ
1
i )
)
×
(∑
i
ηiaλ
2
i
)4
, (A.9)
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where λ1 =
√
p+ and λ2 = p⊥√
p+
. The first δ4 is used for the Fourier transform whereas the
second one is a part of the amplitude. In the Fourier space the amplitude associated with the
path integral (A.8) is
Alcn (p1, ...pn; η1, ..., ηn)YM =
(
l=n∑
l=1
p⊥l
(p+l )
1/2
ηl
)4
P(p1, ...pn; η1, ..., ηn)YM . (A.10)
Here P(p1, ...pn; η1, ..., ηn)YM has dimension -1 and helicity +1 at each point to compensate the
N=4 SYM light-cone superfield Φ(pi, ηi) at each point in the effective action.
The light-cone amplitude (A.10) at the level of loop corrections may, in principle, have terms
with only positive powers of p⊥, η (inverse powers of p
+ are possible in the light-cone super-
graphs). Such terms may appear in Feynman supergraph computations as UV lnΛ divergences.
However, a direct inspection of the amplitude (A.10) shows that it depends on inverse powers
of momenta, which for the N=4 YM theory rules out all loop UV divergences. Namely, the
light-cone tree amplitude (A.10) has a factor [33]
P(p1, ...pn; η1, ..., ηn)YM = 1N (123...n)
∑
{α}
Rα(λiλ˜i, ηi) . (A.11)
Here Rα(λiλ˜i, ηi) are dual superconformal invariants, they do nor eliminate the singularity in
momenta of the light-cone amplitudes due to the term N−1(123...n) ≡ (〈12〉....〈n1〉)−1. Neither
does it the term
(
p⊥l
(p+l )
1/2 ηl
)4
. For the 4-point amplitude at the l-loop order we can only multiply
the tree-level expression in (A.11) by a function of Mandelstam variables of dimension zero.
This means that the singularity cannot be removed from the light-cone amplitude and no local
UV divergences are predicted in the light-cone supergraph computations at all-loop order for
the 4-point function.
In N=8 SG the situation is similar with respect to the path integral derivation of the light-
cone amplitude. The analog of N=4 YM structures is given in the paper. The major difference
is in evaluation of the non-polynomial in momentum space structure of the light-cone amplitude
due to a dimension-full coupling constant κ2.
B Pure Gravity versus N=8 SG on the Light Cone
Here we present the steps which in the light-cone gauge in pure gravity will help to understand
the situation. There is no supersymmetry! Assume that we use the light-cone gauge for the
gravitons and we have h(x) and h¯(x) fields which are the only physical states out of all 10-
component hµν gravitational fields in d=4. We use the gauge which eliminates 4 fields and the
other 4 have algebraic equations of motion which can be used to replace them via some function
of only h(x) and h¯(x). This gives the Einstein action in the form where it depends only on h(x)
and h¯(x) and has some inverse powers of ∂+, but not inverse powers of transverse directions.
Slccl [h, h¯] =
1
2κ2
∫
d4x h(x)h¯(x) + ... (B.1)
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Note that in this action the fields h(x) and h¯(x) are unconstrained, so we can perform the
computations of Feynman diagrams in pure gravity with just 2 propagating fields. In this form
the fields h(x) and h¯(x) have dimension zero, so that coupling terms can have any powers of
h(x) and h¯(x) with two derivatives and all κ dependence is outside the total action (like 1
g2
F 2µν
in YM).
This is well known in YM case: if you integrate the light-cone superfield action you get the
light-cone action for gluons etc. See for example the formula (3.13) for the light-cone N=4 SYM
in components and the light-cone superfield action in eq. (4.10) of Brink, Lindgren, Nilsson
paper in [18]. In SYM the loop computations were performed in components, see for example
the papers of Bassetto et al [50] and references therein. What they call “transverse” fields are
exactly the components of the light-cone superfield for which they find all Z-factors are equal
to 1.
So we would like to make a prediction for the light-cone pure gravity amplitudes which
should come out from the light-cone Feynman graphs. It is convenient to switch to Fourier.
We will make a prediction for the outcome of the path integral
Z = eiW [hin,h¯in] =
∫
dh dh¯ ei[Scl(h,h¯)+
R
d4x(hin(x) h¯(x)+cc)]. (B.2)
Note that here the path integral depends on the on-shell free fields hin, h¯in with hin = h¯in =
0, whereas the integration variables are the virtual fields h, h¯ which do not satisfy any equation.
The propagator is −1. The reason this is valid only in d=4 is that we have two propagating
degrees of freedom for gravity only in d=4. In any other dimension graviton field hµν has a
different number of physical degrees of freedom. Therefore our formalism will break unitarity
in d 6= 4. Note that W [hin, h¯in] =
∑∞
n=1W
n[hin, h¯in].
We claim that the 4-point part of the effective action in d=4 in the light-cone pure gravity
is given by
W 4[hin, h¯in] =
4∏
i=1
(∫
d4piδ(p
2
i )
)
hin(p1) hin(p2)h¯in(p3)h¯in(p4)) δ
4
(
k=4∑
k=1
pk
)
Alc4 +(−−++)+ ...
(B.3)
Let us check the mass dimensions. Each integral
∫
d4ph(p)δ(p2) has dimension zero as our
space-time field h(x), δ4(
∑k=4
k=1 pk) has dimension -4. The amplitude Alc4 has to have dimension
+4. The answer is of the form
Alc4 (−−++) =
1
κ2stu
(p⊥1p
+
2 − p⊥2p+1 )4
(p+1 p
+
2 )
2
(p¯⊥3p
+
4 − p¯⊥4p+3 )4
(p+3 p
+
4 )
2
f(κ2; s, t, u) . (B.4)
Here f(κ2; s, t, u) is a function of dimension 0. In particular we can have f tree = const and for
the 3-loop UV divergence we have
f 3loop(κ2; s, t, u) = κ6stu lnΛ (B.5)
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and
Alc4 (−−++)3loop = κ4
(p⊥1p
+
2 − p⊥2p+1 )4
(p+1 p
+
2 )
2
(p¯⊥3p
+
4 − p¯⊥4p+3 )4
(p+3 p
+
4 )
2
ln Λ . (B.6)
The 4-graviton amplitude is local in transverse directions (Fourier of p⊥, p¯⊥, the only non-
locality is in direction x− (and x+ when the improved 1/p+ is used).
Note that the amplitude here is defined as a coefficient in front of the second power of the
hin and second power of the h¯in field, since we compute the path integral integrating the fields
h, h¯ out.
We may have computed the same path integral in any Lorentz covariant gauge, e.g. in de
Donder gauge Dµhµν− 12Dνh = 0 but introducing only the sources to physical states. From the
equivalence theorem it follows that the amplitude must be the same: namely we can rewrite
Acov4 (−−++) =
1
κ2stu
〈12〉4[34]4f(κ2, s, t, u) (B.7)
and Alc4 (−−++)3loop = Acov4 (−−++)3loop, where
Alc4 (−−++)3loop = κ4
(p⊥1p
+
2 − p⊥2p+1 )4
(p+1 p
+
2 )
2
(p¯⊥3p
+
4 − p¯⊥4p+3 )4
(p+3 p
+
4 )
2
ln Λ = κ4〈12〉4[34]4 ln Λ . (B.8)
Nothing forbids the 3-loop log divergence when computing the amplitudes in the light-cone gauge
in pure gravity.
Now let us see in the same setting what is going on in N=8 when we use the light-cone
superfields. We must use the Mandelstam-type action (2.2) where only 8 θ’s are manifest in
the action (4 in N=4 SYM). We compute the path integral where the propagating field is a
single chiral scalar unconstrained superfield φ(x, θ) and we introduce a source φin(x, θ) which
is a free field φin(x, θ) = 0(
eiW [φin]
)
N=8
=
∫
dφei(Scl[φ(x,θ)]+
R
d4xd8θφin(x,θ)~φ(x,θ)) . (B.9)
Note now that the 4-point amplitude is a coefficient in front of 4th power in superfields φin(x, θ).
Each has a helicity -2, therefore the amplitude will have helicity +2 at each point. Fourier moves
4+8 (x, θ) into 4+8 (p, η). The analog of (B.3) is
W 4[Φin] =
4∏
i=1
(∫
d4piδ(p
2
i )d
8ηiΦin(pi, ηi)
)
δ4(
k=4∑
k=1
pk)δ
8
(
l=4∑
l=1
(p+l )
1/2ηl
)
Alcn (p1, ...p4) .
(B.10)
All fields are of the same nature since we have a scalar chiral superfield (as different from gravity
where you have h and h¯, here we have only Φ. Secondly, we have an 4 + 8 delta function from
Fourier, δ4(
∑k=4
k=1 pk)δ
8
(∑l=4
l=1(p
+
l )
1/2ηl
)
. The 4 + 8 delta functions have dimension −4 + 4 = 0
(η has dimension zero). Thus we have a dimension zero light-cone amplitude (in pure gravity
it was dimension +4). The answer is
(Alc4 (p1, ...p4; η1, ..., η4))N=8 =
(
l=4∑
l=1
p⊥l
(p+l )
1/2
ηl
)8
P(+ + ++) . (B.11)
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Dimension of
(∑l=4
l=1
p⊥l
(p+l )
1/2 ηl
)8
is +4, therefore the dimension of P(++++) is −4. In analogy
with what we have done in pure gravity we find
P0(+ + ++) = i 1
κ2stu
[ij]4
〈i′j′〉4f(κ
2, s, t, u) , (B.12)
where i, j and i′, j′ are arbitrary 4 different points. Note that in light-cone gauge
〈kl〉 ≡ p⊥kp
+
l − p⊥lp+k
(p+k p
+
l )
1/2
, [kl] ≡ p¯⊥kp
+
l − p¯⊥lp+k
(p+k p
+
l )
1/2
. (B.13)
For the tree case f = const and for the 3-loop divergence f = κ6stu lnΛ. This will give us the
3-loop UV divergent amplitude for superfields in the form
AlcUV 3loop = κ4
(
l=4∑
l=1
p⊥l
(p+l )
1/2
ηl
)8(
p¯⊥3p
+
4 − p¯⊥4p+3
p⊥1p
+
2 − p⊥2p+1
)4(
p+1 p
+
2
p+3 p
+
4
)2
ln Λ . (B.14)
This is the answer you would get when performing the supergraph Feynman rules starting with
the action (2.2) where the propagating fields are the chiral scalar superfields φ(x, θ). But we
cannot have a non-locality in the transverse directions, for the log divergent terms, like the one
related to the inverse power of p⊥1p
+
2 − p⊥2p+1 . This eliminates the 3-loop log in N=8.
The reason why this is the correct answer is explained at the end of the subsection 4.1
where we explain the relation to the square of the Bel-Robinson tensor: our light-cone 4-
superfield amplitude will give a correct 4-graviton amplitude after 4 × 8 η-integrations are
performed. However, the divergent part of the amplitude cannot appear in the underlying
light-cone supergraph computations.
C Mandelstam-Leibbrandt Prescription
The locality/non-locality issue in the light-cone superspace has certain issues which were known
to the experts from the beginning. Namely, one has to use an improved prescription and p+.
This leads to a non-locality in the x−-direction as well as in x+.
The Mandelstam-Leibbrandt prescription [20], [51] for dealing with 1/p+ factors inside Feyn-
man integrals involves p− in the following way:(
1
p+
)
ML
=
1
p+ + iǫ sign p−
(C.1)
with ǫ→ 0. In other words, it only involves p−- component, not the transverse ones related to
x1, x2. Let us look at this in detail.
It is explained in [20], that this ǫ-prescription allows to continue the integrals to an Euclidean
space-time. Without ǫ-prescription this was not possible, there were poles in p+, and therefore
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the “naive” power counting of UV divergences was not valid. But with improved prescription
one can go around the poles and therefore the Euclidean continuation is possible.
The naive definition of the inverse of p+ was
1
p+
f(x−) = −1
2
i
∫
dx−
′
ǫ(x−
′ − x−)f(x−′) . (C.2)
The improved prescription replaces the 1
2
ǫ(x−) by the following expression
ǫ(p−)θ(x−)− ǫ(−p−)θ(−x−) . (C.3)
In coordinate space this means that ǫ(p−) becomes
1
2
i
∫
dx+
′
ǫ(x+
′ − x+) . (C.4)
Thus, if we would perform the computations with improved prescription, we may see non-
locality in directions x− as well as x+. But not in x1 or x2 or in the chiral directions x1±ix2. This
means that if the supergraph computations produce a non-locality in the transverse directions,
such terms cannot support logarithmic divergences.
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